We present results for the interaction of two kaons at maximal isospin. The calculation is based on N f = 2 + 1 + 1 flavour gauge configurations generated by the European Twisted Mass Collaboration with pion masses ranging from about 230 MeV to 450 MeV at three values of the lattice spacing. The elastic scattering length a I=1 0 is calculated at several values of the bare strange and light quark masses. We find M K a 0 = −0.385(16) stat ( +0 −12 ) ms ( +0 −5 ) Z P (4) r f as the result of a combined extrapolation to the continuum and to the physical point, where the first error is statistical, and the three following are systematical. This translates to a 0 = −0.154(6) stat ( +0 −5 ) ms ( +0 −2 ) Z P (2) r f fm. 1 arXiv:1703.04737v2 [hep-lat]
Introduction
Shortly after the Big Bang the universe is believed to have been in a quark gluon plasma state of matter. Apart from the inside of neutron stars the only places where this state of matter appears and can be studied are detectors investigating heavy ion or protonproton collisions like the STAR detector at the Relativistic Heavy Ion Collider (RHIC) at BNL [1] or the ALICE experiment at the LHC at CERN [2] . The collisions taking place at such sites yield in their final states numerous light hadrons like pions and kaons. Due to the mass difference between kaons and pions the produced kaons carry much lower momenta than the pions, therefore being much more likely to interact elastically. The interaction of two kaons is determined by Quantum Chromodynamics (QCD), which is non-perturbative at low energies. The understanding and interpretation of the results of the aforementioned experiments make a non-perturbative investigation of kaon-kaon interactions highly desirable. While this can be formulated in chiral perturbation theory (ChPT), it is theoretically interesting to check if the effective approach is able to properly describe kaon-kaon scattering. Lattice QCD provides a non-perturbative ab initio method to perform such a study.
Hadron-hadron scattering has become more and more accessible to lattice QCD simulations over the last years. This is on the one hand due to Lüschers finite volume formalism, and on the other hand due to lattice QCD ensembles becoming ever more realistic. For kaon-kaon scattering in the isospin-1 channel only a few lattice QCD calculations have been performed [3, 4] where the result of the former calculation has been used in Ref. [2] for the ALICE results. In the maximal isospin channel kaon-kaon scattering resembles the well studied pion-pion case [5, 6, 7, 8, 9, 10, 4] : there are no fermionic disconnected diagrams and only one light quark is replaced by a strange quark. Since we already investigated pion-pion scattering in the isospin-2 channel [11] a lot of our analysis tools can be carried over to the present investigation.
In this paper we present the first study of K + K + scattering from lattice QCD based on N f = 2 + 1 + 1 ensembles of the European Twisted Mass Collaboration (ETMC) [12, 13] covering three values of the lattice spacing. These ensembles, which employ up to five values of the light quark mass per lattice spacing value allow us to perform reliable chiral and continuum extrapolations of our results.
For the strange quark we employ a mixed action approach with so-called OsterwalderSeiler valence quarks on the Wilson twisted mass sea [14] . This allows us to tune the valence strange quark mass value to its physical value without spoiling the automatic O(a)-improvement guaranteed by Wilson twisted mass lattice QCD at maximal twist [15] . However, while unitarity breaking effects vanish in the continuum limit, this ansatz also introduces partial-quenching effects, which we cannot control in the present calculation. However, in previous calculations with this setup, no sizable effects were found, see e.g. [16, 17] . The mixed-action approach for the strange quark also allows us to avoid the parity-flavour mixing present in the 1 + 1 (strange-charm) sea sector of Wilson twisted mass lattice QCD at maximal twist with N f = 2 + 1 + 1 flavours.
Our final result differs by about 2σ from the determinations by NPLQCD [3] and about 4σ from the determination of PACS-CS [4] . This deviation can likely be attributed to Table 1 : The gauge ensembles used in this study. For the labelling of the ensembles we adopted the notation in Ref. [12] . In addition to the relevant input parameters we give the lattice volume and the number of evaluated configurations, N conf .
lattice artefacts: NPLQCD works mainly at a single lattice spacing with the exception of one ensemble at a second lattice spacing value. PACS-CS works at a single lattice spacing only. However, we can also not exclude residual unitarity breaking effects in our calculation. Interestingly, our result is actually equal to the leading order ChPT prediction for M K a 0 .
Lattice action
We use gauge configurations generated by the ETM collaboration with N f = 2 + 1 + 1 dynamical quark flavours [12] . The Iwasaki gauge action [18] is used in combination with the Wilson twisted mass fermion discretisation. There are three values of the lattice spacing available, with β = 1.90, β = 1.95 and β = 2.10 corresponding to a ∼ 0.089 fm, a ∼ 0.082 fm and a = 0.062 fm, respectively. The ensembles we used are compiled in table 1. The lattice scale for the ensembles has been determined in Ref. [17] using f π . Also in Ref. [17] the pseudoscalar renormalisation constant Z P , the inverse of which is the quark mass renormalisation constant in the twisted-mass approach, has been determined for each lattice spacing and then converted to the MS scheme at a scale of 2 GeV. The computation of Z P employs the RI-MOM renormalisation scheme and further makes use of two different methods which are labelled M1 and M2 by the authors. The two methods, M1 and M2, give results which differ by lattice artefacts. As an intermediate length scale we use the Sommer parameter r 0 /a determined in Ref. [12] for each value of the light quark mass m l and extrapolated to the chiral limit in Ref. [17] , assuming either a linear or quadratic dependence on the light quark mass. The value of r 0 in fm was determined in Ref. [17] using chiral perturbation theory (ChPT) employing 
We keep the two values separate here, because we will use them to estimate systematic uncertainties. The values for Z P , the lattice spacing a and r 0 /a are summarised in table 2 for the three β-values. For details we refer to Ref. [17] . Note that µ σ and µ δ are kept fixed for all µ values at β = 1.90 and β = 1.95. Between the two ensembles D30.48 and D45.32sc they differ slightly. In order to set the strange quark mass, we use M K in physical units as input. We use M phys K = 494.2(3) MeV corrected for electromagnetic and isospin breaking effects [19] . As further inputs we use the average up/down quark mass, m phys l = 3.70(17) MeV, from Ref. [17] as well as the neutral pion mass, M phys π 0 = 134.98 MeV [20] . In more detail, for the sea quarks we use the Wilson twisted mass action with N f = 2 + 1 + 1 dynamical quark flavours. The Dirac operator for the light quark doublet reads [21] 
where D W denotes the standard Wilson Dirac operator and µ the bare light twisted mass parameter. τ 3 and in general τ i , i = 1, 2, 3 represent the Pauli matrices acting in flavour space. D acts on a spinor χ = (u, d) T and, hence, the u (d) quark has twisted mass +µ (−µ ). For the heavy doublet of c and s quarks [14] the Dirac operator is given by
The bare Wilson quark mass m 0 has been tuned to its critical value m crit [22, 12] . This guarantees automatic order O (a)-improvement [15] , which is one of the main advantages of the Wilson twisted mass formulation of lattice QCD. For a discussion on how to tune to m crit we refer to Refs. [22, 12] . The splitting term in the heavy doublet Eq. 3 introduces parity and flavour mixing between strange and charm quarks which would render the present analysis very complicated. For this reason we rely in this paper on a mixed-action approach for the strange β 
with bare strange quark mass µ s . Formally, this introduces two valence strange quarks with ±µ s as bare quark mass. We will denote these two as s ± and they will coincide in the continuum limit. Hence, observables computed using the one or the other will differ by O(a 2 ) lattice artefacts. It was shown in Ref. [23] that O(a)-improvement stays intact when m 0 is set to the same value m crit as used in the unitary sector. For each β-value, we choose a set of three bare strange quark masses aµ s as listed in Table 3 . The mass values are chosen such as to bracket the physical strange quark mass independently of the light quark mass. We remark here that in twisted mass lattice QCD the quark masses renormalise multiplicatively with 1/Z P [21] . Since OS and unitary actions agree in the chiral limit, also the OS strange quark mass renormalises multiplicatively with 1/Z P .
Lattice Operators and Correlation Functions
For the charged pion we use the interpolating operator
projected to zero momentum. As interpolating operator with the quantum-numbers of the kaon we use
projected to zero momentum. We use the combination of a strange quark with +|µ s | and the down quark with −|µ |, because it is known that observables employing this combination are subject to milder lattice artefacts compared to the combination with same signs. The corresponding two-point function reads
and likewise the pseudo-scalar two point function C π with O K replaced by O π . From the behaviour of C K (C π ) at large Euclidean time
the kaon mass aM K (aM π ) can be extracted. In order to compute the finite volume energy shift δE = E KK − 2M K , needed in Lüschers formula to obtain the scattering length a 0 , we have to determine the energy of the two kaon system in the interacting case. Using the isospin I = 1 operator
one defines the correlation function
It shows a dependence on Euclidean time similar to C K with the addition of a time independent piece, the so-called thermal pollution
To determine δE from C KK we use a method which was devised in Ref. [8] for the ππ system with I = 2. In this method, we consider the ratio
which can be shown to have the large Euclidean time dependence
with t = t + 1/2 − T /2 and amplitude A. The kaon and pion masses are affected by (exponentially suppressed) finite size effects. The corresponding ChPT corrections
were determined from the data in Ref. [17] and we reuse these values, which are collected in Table 10 . From here on we only work with finite size corrected hadron masses: aM
Stochastic LapH
As a smearing scheme we employ the so-called stochastic Laplacian-Heaviside (sLapH) method [24, 25] . In this approach the quark field under consideration is smeared with the so-called smearing matrix S = V S V † S . The matrices V S are matrices obtained by stacking the eigenvectors of the lattice Laplacian,
columnwise. The complete set of eigenvectors spans the so called LapH-space. The indices a,b denote different colours, the variables x,y space-timepoints and U (possibly smeared) SU (3)-gauge link matrices. The index S on V S denotes a truncation of the eigenspectrum of ∆ such that excited state contaminations of the quark field are maximally suppressed. In addition we smear the gauge fields appearing in Eq. 14 with 3 iterations of 2 level HYP smearing [26] , with parameters α 1 = α 2 = 0.62. To build correlation functions we denote quark lines connecting source and sink timeslices with
where Ω −1 denotes the quark propagator and
We use all-to-all propagators to calculate the correlation functions which can get prohibitively expensive when done exactly. Therefore, we employ a stochastic method with random vectors diluted in time, Dirac-space and LapH-subspace. The all-to-all propagator then reads
with the number of random vectors N R and the compound index r[b] counting the total number of random vectors and the total number of dilution vectors N D . For the kaon correlation functions we reused the light quark propagators already calculated for the ππ paper, Ref. [11] . The number of dilution vectors for the light quark propagators, therefore, is the same. An exception is ensemble D30.48 which was not included in the ππ paper. For this volume of L/a = 48 the values for the several N D are collected in Table 4 together with the values of N D for the other lattice sizes. Concerning the newly calculated strange quark propagators we adopted the same dilution scheme. An investigation of the number of random vectors N R yielded no further error reduction for the energy shift δE when increasing N R from 4 to 5 random vectors for each strange quark perambulator. Thus we decided to take 4 random vectors per strange quark perambulator into account for the current analysis. 
Analysis Methods

Lüscher Method
We are interested in the limit of small scattering momenta for the kaon-kaon system with I = 1 below inelastic threshold. Very much like in the case of ππ scattering with I = 2, the scattering length a 0 can be related in the finite range expansion to the energy shift δE by an expansion in 1/L as follows [27] 
with coefficients [27, 28] 
Here, r f is the effective range parameter. Eq. 17 can be solved for the scattering length a 0 /a given L/a, aδE and aM K if the terms up to O(1/L 5 ) are taken into account. This approach is valid only if the residual exponentially suppressed finite volume effects are negligible compared to the ones related for δE. Moreover, by truncating Eq. 17 at O(1/L 5 ), one assumes that the effective range has no sizeable contribution. We estimate the effect of this truncation in Appendix A and find it to be negligible.
Chiral and Continuum Extrapolations
The values of δE and a 0 are calculated for each combination of aµ s and aµ . In order to arrive at our final values for the scattering length, we need to perform interpolations in the strange quark mass, extrapolations in the light quark mass and the continuum extrapolation. We adopt the following strategy: we will first tune the renormalised strange quark to its physical value for all β-values and light quark masses. Next we interpolate M k a 0 in the strange quark mass for all ensembles to this value. The value for M K a 0 obtained from this interpolation are finally extrapolated to the physical point and the continuum limit in a combined fit. We use two different strategies, from here on denoted by A and B, to tune the renormalised strange quark mass to its physical value:
A: as a strange quark mass proxy we use
which is directly proportional to the strange quark mass at leading order in ChPT.
We interpolate M K a 0 linearly in (aM s ) 2 to the value where M 2 s assumes its physical value for each ensemble separately. This requires the physical value of M K and M π and the lattice spacing as an input. The bare strange quark mass is not explicitly used in this case.
B: here we are going to use the bare strange quark mass parameter µ s explicitly.
To determine the renormalised, physical value of the strange quark mass, we first perform a global fit of the NLO SU(2) ChPT prediction for M 2
to all our data for aM K simultaneously. Note that in SU(2) ChPT there are no chiral logarithms in M 2 K predicted at NLO. Here we have three global fit parameters P 0 , P 1 and P 2 . In addition, we have β-dependent fit parameters P r (β) and P Z (β) for r 0 /a and Z P , respectively, which we constrain using Gaussian priors based on the determinations of these from Ref. [17] .
Hence, we have in total nine fit parameters for which we define the augmented χ 2 function:
Using the best fit parameters, aµ ref s can be determined from
using the input values specified before.
This allows us to interpolate M K a 0 in aµ s to the reference value aµ ref s for each ensemble separately. In the continuum limit, the physical value of the renormalised strange quark mass, r 0 m phys s , is then given by
In the following we will denote the combination of M1 with strategy A as M1A and likewise M1B, M2A and M2B. The values of M K a 0 interpolated as explained above are now to be understood at fixed renormalised strange quark mass. The quark mass dependence of M K a 0 is known from ChPT and is given at NLO [29, 30, 31] by
Here, L 5 is a low energy constant (LEC) and L a combination of LECs. ζ is a known function with chiral logarithms, which can be found in the references above. We can rewrite Eq. 23 in terms of the quark masses by replacing M 2 K and f K by their corresponding LO ChPT expressions. Note that we use the convention with f π = 130 MeV.
As we will see later, our data for M K a 0 is not sufficiently precise to resolve terms beyond leading order, in contrast to M 2 K . Including lattice artefacts of order a 2 , we therefore resort to the following effective fit ansatz for M K a 0 linear in µ and a 2
with three free fit parameters Q 0 , Q 1 and Q 2 . The continuum and chiral limit for M K a 0 is then given by
For the fit we use again an augmented χ 2 like in Eq. 20 to take the errors on r 0 /a and Z P into account. All errors are computed using the (chained) bootstrap with 1500 bootstrap samples. Values not determined by ourselves, e.g. for r 0 /a or Z P are included in the bootstrap analysis using the parametric bootstrap. Where relevant, fits are fully correlated. The configurations used are well separated in HMC trajectories and we have checked explicitly for autocorrelation using a blocked bootstrap.
Results
In this section we present the results for the energy shift δE, the scattering length a 0 and the chiral and continuum extrapolations of M K a 0 . From the four approaches M1A, M1B, M2A and M1B we obtain four values for M K a 0 , which we combine into our final result. The spread between the four values is used to estimate the systematic uncertainty.
Energy Shift δE
The energy shift is calculated from fitting Eq.13 to the data of the ratio defined in Eq.12. Because of the cosh-like behaviour of C K and C KK , we symmetrize the correlation functions. For the kaon masses we use the results of fully correlated fits to the two-point correlation function Eq. 8. We repeat our fits for multiple fit ranges for each correlation function. The systematic uncertainties of the fitting procedures are then estimated using the approach introduced in Ref. [11] . The energy value is determined as the median of the weighted distribution over the fit ranges. The weight assigned to each fit reads
where X = E K , δE. p X is the p-value of the fit and ∆X denotes the statistical uncertainty of the considered quantity X . calculated from the 68.54% confidence interval of the weighted distribution of X. The statistical error comes from bootstrapping this procedure. In order to choose the fit ranges for obtaining M K from C K and δE from R, we require several criteria to be fulfilled. Concerning the initial timeslice t i , we demand that excited states, both in C K and R have decayed away sufficiently. For C K , we visually inspect the effective mass. Since C K does not suffer from exponential error growth at late times we set t f = T /2. Thus we vary t i and t f within the constraints above. In the case of the ratio, t f is set to the timeslice where R starts to deviate significantly from the behaviour suggested by Eq. 13. The minimal number of timeslices for a fit range is chosen with the same criterion as for C K . The values for t i , t f and t min for C K and R are compiled in Tables 11-13 for each value of aµ s in the Appendix B.
In Fig. 1 we show exemplary fits of the ratio Eq. 13 to the data for several ensembles and selected fit ranges. At least for the Ensembles with L = 24 the tendency of an upward bend of the data at late times can be seen clearly.
As mentioned before, for Eq. 17 to be valid residual exponentially suppressed finite volume effects must be negligible. Moreover, the terms in Eq. 17 of order 1/L 6 and higher must be negligible. We can test the latter for ensembles A40.20, A40.24 and A40.32, which differ only in the volume. In Fig. 2 we plot δE as a function of 1/L for these three ensembles and aµ s = 0.0185. The other two µ s -values give similar results. We have solved Eq. 17 including all terms up to order 1/L 6 for a 0 and r f using A40. Noting that solving Eq. 17 up to order 1/L 5 for a 0 for ensemble A40.32 gives M K a 0 = −0.315 (11) , which agrees within error with the two estimates from above, we conclude that L/a = 32 is sufficiently large, while L/a = 24 is at the border. L/a = 20 is certainly too small to extract M K a 0 from a single volume neglecting the effective range term.
We checked the impact of the inclusion of r f on the extraction of M K a 0 in Appendix A. With a LO ChPT estimation of r f included in the extraction of a 0 the values for M K a 0 vary by about one standard deviation. The central values for the L/a = 24 lattices change by about 1% on the inclusion of the order 1/L 6 terms (cf. Table 9 ). Thus we attribute a conservatively estimated systematic uncertainty of 1% to our chiral and continuum extrapolated value of M K a 0 .
Scattering Length
Given the values of aδE and aM K , the scattering length a 0 is determined using Eq. 17.
The number of fit ranges for extracting aδE is low, compared to the ππ-case of Ref. [11] . Thus an estimate of the systematic effects stemming from the fitting procedure is likely to be incorrect. Therefore, instead of estimating the systematic uncertainty introduced by the fitting procedure after the chiral extrapolations we consider the p-value To evaluate M K a 0 at the physical strange quark mass, we convert M 2 s to lattice units using r 0 /a listed in Table 2 . First, we express M 2 s in units of r 0 using the estimates in Eq. 1, which gives (r M1 0 M phys s ) 2 = 1.33(7) with Z P from M1 and (r M2 0 M phys s ) 2 = 1.34(6) with Z P from M2. In lattice units at our three lattice spacings, these correspond to the values given in Table 5 .
For each ensemble, we then interpolate M K a 0 by performing a correlated linear fit to the data at the three values of aµ s (the independent variable being a 2 M 2 s ). An example of this is given in Fig. 6 in Appendix B.
Having interpolated M K a 0 on all ensembles, the data is extrapolated to the physical point and to the continuum in a global fit using Eq. 24. In Fig. 3 the dimensionless product M K a 0 is shown as a function of r 0 m l together with the global fit for each value of β for M1A in the left and for M2B in the right panel, respectively. Note that we take into account all correlation between data which enters through the procedure for fixing the strange quark mass at each value of the lattice spacing. The results of the fits can be found in Table 6 We can convert the values from Eq. 26 to lattice units for the three β-values, which we compiled in Table 7 . Next we interpolate M K a 0 in aµ s to these values for all ensembles.
As an example we show the linear correlated fit for ensemble B55.32 in Appendix B in Fig. 8 for M1B in the left and M2B in the right panel.
Interpolated to the reference strange quark mass, the values of M K a 0 are shown as a function of the renormalised light quark mass in Fig. 4 in units of r 0 . We also show the best fit function for each β-value and the continuum extrapolation. The continuum extrapolated values at the physical point (M k a 0 ) phys are indicated by the diamonds. Note again that due to the strange quark mass fixing procedure all points for a single lattice spacing are correlated.
In Table 6 we give our final results for (M k a 0 ) phys for the four different approaches M1A, M2A, M1B and M2B together with the best fit parameters Q 1,2,3 , the χ 2 /dofand the p-value of the fit.
As the final result we quote the p-value weighted median over the four determinations
The statistical uncertainty comes from the bootstrap procedure. The systematic uncertainty coming from the two methods to estimate Z P is estimated as follows: we first compute the weighted average of only M1A and M1B and also of only M2A and M2B. The systematic uncertainty is then taken as the deviation between these two weighted averages and the final result, Eq. 27. For the systematic uncertainty from setting the strange quark mass we proceed in the same way, just that we first compute the weighted average of only M1A and M2A and also of only M1B and M2B. As the last error we quote the systematic uncertainty from neglecting higher order terms in the calculation of the scattering length. Using M phys K we obtain for the scattering length
Discussion
We have used four methods to determine M K a 0 at the physical light and strange quark mass value in the continuum limit. The differences between these methods are lattice artefacts. From Table 6 it becomes clear that all four methods give results which are well compatible within statistical uncertainties. This gives us confidence in our procedure and in our final result Eq. 27. The four different estimates can still serve as an estimate of systematic effects, which are, however, smaller than the statistical uncertainty of about 4%. The largest fraction of this statistical uncertainty stems from the uncertainty in the scale.
It turns out that lattice artefacts are not negligible in M K a 0 : from β = 1.90 to the continuum a roughly 20% relative change in the result is observed. From our finest lattice spacing we still see a change of about 8%. It is interesting to note that our central value equals within errors to the LO ChPT estimate
A possibly still uncontrolled systematic uncertainty could come from our chiral and continuum extrapolation. In lattice ChPT, usually the a 2 term is taken to be of higher order than the term linear in µ . For this we would need to include higher orders in the quark mass as well. However, the precision in our data is not sufficient to resolve such terms. But the need for the a 2 term is evident. Therefore, we decided to stick to a power counting with a 2 ∝ µ . An alternative and probably better chiral representation of M k a 0 in terms of M K /f K was used in Ref. [3] . This representation turned out to be not feasible for us, because we have only very little spread in M K /f K . Smaller uncertainties on M K a 0 might enable the investigation of the light and strange quark mass dependence using mixed action ChPT at NLO.
We also cannot estimate the effects from partial quenching of the strange quark. However, it should be noted that the kaon masses that we obtain in the OS valence sector at the physical strange quark mass, as set via either method A or B, deviate from those of the unitary kaon mass published in Ref. [32] by a few percent at most. Partial quenching effects in analyses using OS valence fermions on a N f = 2 + 1 + 1 twisted mass sea have been shown to be small for other observables in the past. Moreover, we would like to remark that the dependence of M K a 0 on µ s is not very pronounced. Finally, our estimate in Appendix A indicates that the O(L −6 )-terms in the Lüscher formula Eq. 17 are indeed negligible for our case. Nevertheless we do not have a sufficient number of volumes available to determine it from the data. Two other lattice calculations of M K a 0 are available. The NPLQCD collaboration used three-flavour mixed action ChPT to obtain M K a 0 = −0.352 (16) , with statistical and systematic uncertainties combined in quadrature [3] . They worked with domain wall valence quarks on a sea of N f = 2 + 1 asqtad-improved rooted staggered quarks. A second calculation was performed by the authors of Ref. [4] with N f = 2 + 1 dynamical flavours of non-perturbatively O(a)-improved Wilson quarks. Their result reads M K a 0 = −0.310(17) (32) . The discrepancy between these determinations and our final result, Eq. 27, is quite substantial. In the NPLQCD determination predominantly one lattice spacing of a = 0.125 fm was considered in the chiral extrapolation. One ensemble with a finer lattice spacing was included in the analysis to attempt a quantification of discretisation errors, but it should be noted that the uncertainty on this point was about a factor of three larger than on all other points in the analysis. The PACS-CS collaboration used only one lattice spacing value with a ∼ 0.09 fm, very close to our coarsest lattice spacing value. PACS-CS included one ensemble with M π = 170 MeV in their analysis, which is, however, giving very noisy results. Both collaborations use one strange quark mass value which was tuned to be close to physical.
In Fig. 5 we compare our result at the coarsest lattice spacing, i.e. the A-ensembles, interpolated to the physical strange quark mass with method M1A to the results of the other two collaborations. There is no obvious conclusion from this comparison. But the errors of the PACS-CS results appear to be large enough to explain the observed differences, given the fact that the PACS-CS result is at one lattice spacing value only. The comparison to the NPLQCD data points is more difficult, in particular since the one NPLQCD point with a finer lattice spacing points towards an even smaller absolute value for M K a 0 , though with a large statistical uncertainty. This can only be resolved with continuum extrapolations for the other formulations. However, the NPLQCD and our result agree within two standard deviations.
Summary
We investigated the scattering length of the K + -K + system by means of finite volume methods for lattice QCD devised by M. Lüscher. The lattice formulation is Wilson twisted mass lattice QCD at maximal twist and N f = 2+1+1 dynamical quark flavours. The gauge configurations, involving 11 pion masses at 3 different lattice spacings, were generated by the ETMC. To the author's knowledge our result represents the first study of the K + -K + system controlling lattice artefacts using three lattice spacing values and up/down, strange and charm dynamical quarks. For the strange quark we used a mixed action approach with so-called Osterwalder-Seiler valence strange quarks to be able to correct for a slight mistuning of the sea strange quark mass value.
In total, we followed four different strategies to arrive at the continuum extrapolated value for M K a 0 at physical light and strange quark masses. All four show very good agreement indicating that the corresponding extrapolations are well controlled. Our final result for the scattering length is
from the weighted median over the four strategies. In our calculation we find that the continuum extrapolation is vital in obtaining the final number: from the coarsest to the continuum result we observe a roughly 20% difference. We think that this is also the reason for the discrepancy we observe when comparing to the two previous lattice calculations of M K a 0 , because for the other two results a continuum extrapolation could not be performed.
In the near future we will extend the analysis performed here to the pion-kaon case.
[ 
A. Effective Range from ChPT
We start from the partial wave expansion for the scattering amplitude T I (s, t, u) [43]
which depends on the Legendre polynomials P (cos ϑ), and the partial wave amplitudes t I (s). The amplitudes t I (s) can be expanded in terms of the scattering momentum q and the slope parameters:
Since we are interested in maximal isospin and the s-wave, we take I = 1 and = 0. This yields
In Ref.
[43] T (s, t, u) for K + K − → K + K − is given to leading order by:
To turn this into an amplitude valid for K + K + -scattering we employ crossing symmetry which interchanges the Mandelstam variables s and u. With that the partial wave amplitude becomes
where we expressed s with the momentum transfer q: s = 4(M 2 K + q 2 ). Expanding Eq. 33 in a Taylor series gives:
Comparing Eq. 34 with Eq. 30 we can extract b 1 0 and use r f = −2M K b 1 0 to get
To estimate the effective range we use the physical value of the kaon mass M K = 494.2 MeV and the ChPT value f π = 94.2 MeV. Converting to a length unit with c = 197.37 MeV fm gives r f = 0.91 fm .
We can use this to estimate the influence of the O(L −6 )-terms on the determination of the scattering length a 0 from Lüscher's formula. To this end we compare the results for the scattering length up to order O(L −5 ) to the ones of up to order O(L −6 ) with and without the term involving the scattering length. Table 8 gives an overview over these differences . For converting r f back to lattice units we use parametric bootstrap-samples of the lattice spacing a. In Table 9 the results for M K a 0 for a 0 up to O(L −6 ) and a 0 truncated at O(L −5 ) are compared. As visible from the table the inclusion of the terms 
